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A Cost Model for Non-Strict Evaluation

Talk by RobertEnnals
Jointwork with SimonPeytonJonesandAlanMycroft

What have we created?

à A modelof costthatis independentof evaluationstrategy

(well... any blendof lazyandeagerevaluation)

Why did we do it?

à To prove thatOptimisticEvaluationis fast
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Motiv ation: Optimistic Evaluation
Blend Lazy and Eager Evaluation at runtime

Switc hable Let Expressions:

à Decideat runtimewhetherto speculatetheir right handside

Runtime Pro�ling:

à Likestrictnessandcheapnessanalysis,but at runtime

à Findoutwhetherspeculatinga let is saving or wastingwork

Abor tion:

à Recover from ill-judgedspeculativeevaluation
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Is Optimistic Evaluation Safe?
How do we kno w that it will never be reall y reall y slo w?

Optimistic Evaluation takes Big Risks:

à Evaluatesthingswithoutknowing thatthey areneeded

à Triesto evaluatethingsthatmaybenon-terminating

Thepro�ler is supposedto guaranteeef�ciency, but doesit work?

Prove that it works!

This requiresa theoreticalmodelof whatit meansto beef�cient...
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What is Cost?
A non-strict cost model needs to cope with shared work

let x = < expensive> in

let y = x + 3 in

let z = x + 3 in

let p = y + z in

< rest of program >

How expensive is y? — Doesit includethecostof x?

How expensive is z? — Is it thesameasthecostof y?

How expensive is p? — Canweobtainit by combiningthecostsfor x andy?

Moti vating example: If z is needed,is it ok to evaluatey speculatively.
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Cost Graphs
Node = unit cost computation. Edge = dependenc y

[x]

[y] [z]

3 3

10

[p]

2
[let x]

[let y]

[let z]

[let p]

root

5 5

<rest of program>

Describesevaluationof a top level program.
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What Does it all Mean?
Edges can be demand edges, value edges, or eager edges

value edge: 
[y] [x]

[y] demands [x]'s value

demand edge: 
[y] [x]

[y] demands [x]'s value

and [y] has the same value as [x]

eager edge: 
[y] [x]

y would do x under eager evaluation

42
[x]

x has value 42

[x], [y], : : : labelsareaddedfor clarity. They arenotpartof thegraph.
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Value Nodes and Dependent Nodes
Dependent Nodes take their value from another node

Every Node is either a Value Node or a Dependent Node:

à ValueNodesarelabelledwith avaluebut arethesourceof noedges.

à DependentNodesarenot labelledwith a valueandarethesourceof exactly one
valueedge.

To �nd thevalueof adependentnode,onemustfollow thechainof valueedgesuntil
one�nds avaluenode.

If thecomputationwouldnot terminate,thenthischainwill bein�nite, andthevalue
will be? .
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Lazy work is a subgraph
Nodes reachable by value and demand edges

Work requiredto evaluatez lazily:

[x]

[y] [z]

3 3

10

[p]

2
[let x]

[let y]

[let z]

[let p]

root

5 5

<rest of program>
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Lazy work is a subgraph
Nodes reachable by value and demand edges

Work requiredto evaluatey lazily:

[x]

[y] [z]

3 3

10

[p]

2
[let x]

[let y]

[let z]

[let p]

root

5 5

<rest of program>
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Evaluating Several Things
Just take the union of the work

Work requiredto evaluatebothy andz lazily:

[x]

[y] [z]

3 3

10

[p]

2
[let x]

[let y]

[let z]

[let p]

root

5 5

<rest of program>
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Subtracting Subgraphs
If work has alread y been done , just subtract the subgraph

Costsubgraphfor evaluatingz if y hasalreadybeendoneor mustbedonelater:

[x]

[y] [z]

3 3

10

[p]

2
[let x]

[let y]

[let z]

[let p]

root

5 5

<rest of program>
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Eager Work is a Subgraph
Nodes reachable by any edge

Costsubgraphfor evaluating[let z] entirelyeagerly:

[x]

[y] [z]

3 3

10

[p]

2
[let x]

[let y]

[let z]

[let p]

root

5 5

<rest of program>
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Lazy Work is Always Less or Equal
Number of nodes reachable by value and demand edges

Costsubgraphfor evaluating[let z] entirelylazily:

[x]

[y] [z]

3 3

10

[p]

2
[let x]

[let y]

[let z]

[let p]

root

5 5

<rest of program>
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Compare Evaluation Strategies
Compare work required

Extrawork for evaluating[let z] eagerlyratherthanlazily:

[x]

[y] [z]

1 1

10

[p]

2
[let x]

[let y]

[let z]

[let p]

root

5 5

<rest of program>
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Compare Evaluation Strategies
Compare work required

Extrawork if weknow that[y] is neededby <rest of program> :

[x]

[y] [z]

3 3

10

[p]

2
[let x]

[let y]

[let z]

[let p]

root

5 5

<rest of program>
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Outline of the rest of this Talk
Drawing pretty graphs is easy — making it work is harder

Naming: Whatis ournodeset?

DenotationalSemantics: How dowecreateacostgraph?

Operational Semantics: How doesit relateto realexecution?

Conclusions: Is it useful?
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Diver sion: Naming is Impor tant
Everyone must agree on names of computations

[r]

42

[s]

42

[r]

42

[s]

?or

[r]

42

[s]

42

[r]

42

or

[s]

If we are to compare,compose,subtractsubgraphs,thenwe needto know which
nodesrepresentthesamecomputation.
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Names are Binar y Strings
And they specify a location in a tree

GiveeachcomputationaNamewhich is astringof � and� tokens:

Name def= f� ; �g �

Thesenamesform a tree:

i

i

i

i i i i

i ii ii ii i

Any namecanbeusedasasourceof uniquenames(by addingpre�xes).

If i is asubnameof i 0 theni representsasubcomputationin astrict language.
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Formalising Cost Graphs
Names, Edges, and Values

A cost graph is a 7-tuple (Nv; Nd; N0; Ev; Ed; Ee; `):

Nv � Name is asetof valuenodes

Nd � Name is asetof dependentnodes

N0 2 (Nv [ Nd) is a theuniqueroot computation

Ev 2 (Nd ! (Nv [ Nd)) is thevalueedges

Ed � (Nd � (Nv [ Nd)) is thedemandedges

Ee � (Nd � (Nv [ Nd)) is thesetof eageredges

` 2 (Nv ! Value) givesvaluesto valuenodes
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Cost Views
A par tial view of a cost graph

CV = Name ! (Value [ (Name� P(Name) � P(Name)) [ f?g )

A Cost View 
 will map a computation name i to:

Value — if 
 knows thati is avaluenode(in Nv)

Name� P(Name) � P(Name) — if 
 knows thati is adependentnode(in Nd)

(ValueEdge,DemandEdges,EagerEdges)

? — if i is notacomputationis thecostgraph,

or 
 knowsnothingabouti
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Using Cost Views
Find least upper bounds. Find values for computations

Wecande�ne v andt asnormalfor partialfunctions.

Wecande�ne a functionb�c that�nds thevalueof anode:

bic
 =

8
>><

>>:

V if (i 7! V) 2 


bi 0c
 if (i 7! (i 0; d;e)) 2 


? if (i 7! ? ) 2 


If thechainis in�nite, thenthevaluewill be? .
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A Simple Langua ge
A bog-standar d non-strict langua ge in A-Normal Form

Expression E ::= x variable

j let x = E in E 0 localde�nition

j �x:E functionabstraction

j E x functionapplication

j n integerconstant

j x 
 x0 primitiveoperation

Values V ::= �x:E j n functionabstractionor integerconstant
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Denotational Semantics
Its funn y-shaped brac ket time

E[[� ]] :: Expression! Name ! Locals ! CV ! CV

E[[E]]i� 
 is a cost view de�ning all subcomputations of E where:

à i is therootnameto usedfor nodesin theresultingview.

à � is a localenvironmentthatmapslocal variablesto computationnames.

Locals def= Var * Name

à 
 is acompletecostview for theprogram(generatedby a �x edpoint).
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Proper ties of 
 0= E[[E]]i� 


De�nes eager subcomputations of E

à 
 0de�nesanodei

à Thevalueof i is thevaluethatE evaluatesto in aconventionalsemantics.

à All computationsin 
 0havenamesderivedfrom i

à Somenodesmayhavedependenciesonnodesunde�nedin 
 0

à Every noderepresentsa computationthatwould take placeif E wereevaluatedin
aneagerlanguage.

à If acomputationwouldnotbeperformedby lazyevalationof E, thenits nodewill
notbereachablefrom i via demandor valueedges.

à 
 0maybein�nite — if eagerevaluationwouldnot terminate.
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Variab les and Integ er Constants

Variab le: Look it up and link to it

[var]
<node referenced by var>

i(VAR)

E[[x]]i� 
 = (i 7! (� x; ; ; ; ))

Int Constant: Create a value node

[n]
i(INT)

n

E[[n]]i� 
 = (i 7! n)
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Costed Meaning of a Let Expression
Evaluate the bod y and the right hand side

[let x = <rhs> in <body>]

[<rhs>] [<body>[  i/x]]

i

(LET) i i

E[[let x = E in E 0]]i� 
 = (i 7! (� i; ; ; f� ig)) t E[[E]]� i
� 
 t E[[E 0]]� i

� [x7!� i ] 
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Function Values
Function values are a bit weir d

A valueis eitheraninteger, or a function:

Value = Z [ (Name ! Name ! CV ! CV )

F j k 
 produces the cost view for appl ying F where:

à j is therootnamefor nodesin thenew view.

à k is thecomputationthatproducedthefunctionargument.

à 
 is acompletecostview for theprogram.

E[[�x:E ]]i� 
 = (i 7! �j k 
 0:(E[[E]]j� [x7! k] 
 0))
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Function Application
Evaluate the function and the bod y

[<func> var]

[<func>]

i

i
[<body>[var/x]]

(APP) i

if i \x.<body>*

E[[E x]]i� 
 = (i 7! (� i; f� ig; ; )) t E[[E]]� i
� 
 t F (� i )� i

(� x) 


F (i )j
k 
 = bic
 j k 
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Primitive Operations
Depend on the args, and produce a value node

[x      x']

i

(OP)
n''

<node referenced by x>

<node referenced by x'>

if value of x is n, value of x' is n'
and n'' = n     n'

E[[x 
 x0]]i� 
 = (i 7! (� i; f � x; � x0g; ; ); � i 7! b� xc
 ~
 b� x0c
 )

Where ~
 is thefunctionrepresentedby 
 .
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Top Level Closed Expressions
Use a �x ed point to create a complete cost view

A top level expressionde�nes every computationwhosevalueit uses.We canthus
usea �x edpoint to de�ne thecompletecostgraph
 :

P[[� ]] : Expression! CV

P[[E]] def= �
 :E[[E]]�; 


This costview will describeevery computationthat canpossiblytake placeduring
theevaluationof E, usingany lazy/eagerhybrid evaluationstrategy.
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An Operational Semantics
An execution is an exploration of the program cost graph

Evaluationtransition� ! onstatesT; C; s:

T; C; s � ! T0; C0; s0

à T is a trace,recordingeverycomputationthathasbeenperformed

Thetracealsoservesasaheap.

à C is thecontrol,sayingwhatto donext

à s is astack

Wecanprove thatT alwaysdescribesasubsetof thecomputationsin thecostgraph
for thetop level programbeingevaluated.
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The boring detailsof operational state: (feelfreeto ignore)

State S ::= T; C; s programstatewith trace,commandandstack

Command C ::= E B i evaluateE to produceaclosurewith namei
j } i follow valuelink to i
j Oi returni to thetopof thestack

Trace T ::= f i j 7! K j gn
0 trace,mappingnamesto closures

Closure K ::= (jV j) valueclosure(modelsvaluenode)
j h(i; d;e)i indirection(modelsdependentnode)
j E thunk— anunevaluatedexpression
j i \ f suspendedstackframe,returningi to f .

Stack s ::= [] emptystack
j E B i : s Eagerreturn- evaluateE at i , thenreturnto s
j (f ; i ) : s Lazy return- do f at i , thenreturnto s

Frame f ::= @i 0 Apply returnedfunctionto argumenti 0.
j n
 Performoperation
 onn andreturnedvalue.
j 
 i 0 Performoperation
 on returnedvalueandi 0.
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Evaluation Rules Follo w Edges
Doing work, and recor ding it in the trace

[<func> var]

[<func>]

i

i
[<body>[var/x]]

(APP) i

if i \x.<body>*

(APP1) T; E i 0B i ; s � ! T[i 7! h(� i; f� ig; ; )i ]; E B � i ; (@i 0; � i ) : s
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Return Rules Come Back Again
Try previousl y unexplored links

[<func> var]

[<func>]

i

i
[<body>[var/x]]

(APP) i

if i \x.<body>*

(APP2) T[i 0 7! (j�x:E j)]; Oi 0; (@i00; i ) : s � ! T[i 0 7! (j�x:E j)]; E [i 00=x] B i ; s;
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Thunks Represent Unexplored Areas
Evaluated onl y when needed

[let x = <rhs> in <body>]

[<rhs>] [<body>[  i/x]]

i

(LET)

i i

Thunk

T; (let x = E in E 0) B i ; s � ! T[i 7! h(� i; ; ; f� ig)i ; � i 7! E]; E 0[� i=x] B � i ; s
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Follo wer Rules �nd Values
Follo w value edges until they �nd a value or a thunk

(IND1) i

i

(IND2) i'
V

i

(IND3)

i

(IND1) T[i 7! (jV j)]; } i ; s � ! T[i 7! (jV j)]; Oi ; s

(IND2) T[i 7! h(i 0; d;e)i ]; } i ; s � ! T[i 7! h(i 0; d;e)i ]; } i 0; s

(IND3) T[i 7! E]; } i ; s � ! T; E B i ; s
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Badness
What is the fastest evaluation strategy?

Saved Work

à Evaluatinga let eagerlyis cheaperthanevaluatingit lazily.

à Regarda let computationis fr eeif it wasspeculated.

à De�ne 	 to bethesetof speculatedlet computations.

Badess of astrategy 	 for acostgraph
 is wastedwork minussavedwork:

badness(
 ; 	) =
�
�
� lazyWork(
 ; 	) � lazyWork(
 ; f � g)

�
�
� �

�
�
� 	

�
�
�
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Runtime Pro�ling
Imposing a bound on badness

As weexecute,graduallybuild up 	 set.

Also maintainanup-to-dateestimateof badness,coveringthatpartof thecostgraph
exploredsofar.

Cutbackspeculationasbadnessincreases.

Do notallow badnessto increasebeyondde�ned limits.

Badness

Le
ve

l o
f S

pe
cu

la
tio

n

negative badness
faster than lazy evaluation

positive badness
slower than lazy evaluation

cutoff point
badness is not allowed
to increase beyond this 
point
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Conc lusions
Are cost graphs useful?

Cost graphs are

à High level

à Easyto visualise

à Formallyspeci�ed

à Closelyrelatedto apracticalimplementation

à Independentof evaluationstrategy

We have used them to

à HelpusunderstandOptimisticEvaluation

à Imposeboundson theworstcaseperformanceof OptimisticEvalution
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(VAL) T; V B i ; s � ! T[i 7! V ]; Oi ; s

(VAR) T; i 0B i ; s � ! T[i 7! h(i 0; ; ; ; )i ]; } i 0; s

(IND1) T[i 7! (jV j)]; } i ; s � ! T[i 7! (jV j)]; Oi ; s

(IND2) T[i 7! h(i 0; d;e)i ]; } i ; s � ! T[i 7! h(i 0; d;e)i ]; } i 0; s

(IND3) T[i 7! E]; } i ; s � ! T; E B i ; s

(APP1) T; E i 0B i ; s � ! T[i 7! h(� i; f� ig; ; )i ]; E B � i ; (@i 0; � i ) : s

(APP2)T[i 0 7! (j�x:E j)]; Oi 0; (@i00; i ) : s � ! T[i 0 7! (j�x:E j)]; E [i 00=x] B i ; s;

(OP1) T; j 
 k B i ; s � ! T[i 7! h(� i; f j ; kg; ; )i ]; } j ; (
 k; � i ) : s

(OP2) T[j 7! (jnj)]; Oj ; (
 k; i ) : s � ! T[j 7! (jnj)]; } k; (n
 ; i ) : s

(OP3) T[k 7! (jn0j)]; Ok; (n
 ; i ) : s � ! T[k 7! (jn0j)]; n ~
 n0B i ; s

(LAZY) T; (let x = E in E 0) B i ; s � ! T[i 7! h(� i; ; ; f� ig)i ; � i 7! E]; E 0[� i=x] B � i ; s

(EAG1) T; (let x = E in E 0) B i ; s � ! T[i 7! h(� i; ; ; f� ig)i ]; E B � i ; (E 0[� i=x] B � i ) : s

(EAG2) T; Oi 0; (E B i ) : s � ! T; E B i ; s
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